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Abstract

We prove an equilibrium existence theorem for economies with externalities,
general types of non-convexities in the production sector, and infinitely many
commodities. The consumption sets, the preferences of the consumers and the
production possibilities are represented by set-valued mappings to take into
account the external effects. The firms set their prices according to general pricing
rules which are supposed to have bounded losses and may depend upon the actions

of the other economic agents. The commodity space is L (M M, },L) , the space

of essentially bounded, real-valued, measurable functions on (M M, ;,L).

As for our existence result, we consider the framework of Bewley (1972).
However, there are four major problems in using this technique. To overcome two
of these difficulties, we impose strong lower hemi-continuity assumptions upon
the economies. The remaining problems are removed when finite economies are
large enough.

Our model encompasses previous works on the existence of general equilibria
when there are externalities and non-convexities but the commodity space is finite
dimensional and those on general equilibria in non-convex economies with
infinitely many commodities when no external effect is taken into account.

Keywords: General equilibrium; Externalities; Non-convexities; Infinitely many
commodities; Set-valued mappings; Lower hemi-continuity.

1. Introduction

This paper deals with three levels of extensions from the standard competitive equilibrium model: the
presence of externalities, the possibility of increasing returns to scale or more general types of non-
convexities in production, and an infinite dimensional commodity space of goods. The purpose is to
give sufficient conditions for the existence of an equilibrium.
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Although usually the economic literature considers that the non-convexities are coming from
indivisibilities, increasing returns to scale, or fixed costs, it is also recognized that external effects are
sources of non-convexities in production. We refer to the examples in Mas-Colell et al (1995, pp. 374-
377), which illustrate that externalities may themselves generate non-convexities.

In economies with a finite dimensional commodity space like ~ ', both Bonnisseau (1997) as well as
Bonnisseau and Médecin (2001) have achieved important results. The first one considers a general
equilibrium model in economies with non-convex firms, where production sets may depend on the
production plans of other firms and on consumption plans, but also the consumption sets and the
preferences of the consumers may change with respect to the environment. His main theorem proves
the existence of general equilibria under assumptions which allows him to encompass together the
works on the existence of competitive equilibria with externalities when the firms have convex
production sets and on the existence of equilibria with general pricing rule without externalities as in
Bonnisseau and Cornet (1988). Bonnisseau and Médecin (2001) define the marginal pricing rule as
the convex hull of the limits of the prices given by the normal cone in a neighborhood of the
production plan. They use the same procedure as the one used to define the Clarke’s normal cone (see
Clarke (1983)) and the marginal pricing rule without externalities. Their framework is sufficiently
large to generalize previous works on economies with externalities and convex production sets and
those on marginal pricing equilibria in economies without externalities as in the model of Bonnisseau
and Cornet (1990b). In both papers, the production possibilities, the consumption sets, and the
preferences of the consumers, are represented by set-valued mappings which associate the set of
possible decisions plans to a given environment. This means that both consumers and producers take
into account the fact that their decisions depend on external effects.

With regard to the infinite dimensional space, it is related to the possibilities of having infinitely many
commodities. This arises naturally when one considers economic activity over an infinite time
horizon, or with uncertainty about the infinite number of states of the world, or in a setting where an
infinite variety of commodity characteristics are possible. Bewley (1972) proved the first infinite
dimensional equilibrium existence theorem with production. The commodity space he treated was

L, (M ,9\/[,“) , the space of essentially bounded, real-valued, measurable functions on (M ,SM,u).

The strategy of Bewley's proof was to consider the restriction of the original economy & to finite-
dimensional sub-economies €, where F is a finite dimensional subspace of L, (M ,Wl,u) which

contains the initial endowments. Standard results imply that each of the sub-economies €” has an
equilibrium. Then, Bewley proved that an equilibrium for the original economy can be obtained as a
limit of equilibria for the finite dimensional economies. The extension of his result to infinite
dimensional spaces other than L _, presents the problem of the emptiness of the interior of the positive

cone. In this case, the existence of functionals and supporting prices is not guaranteed. A solution to
this problem, when the commodity space is a topological vector lattice, was presented in a seminal
paper by Mas-Colell (1986). His solution was based on the assumption that preferences satisfy a cone
condition that he termed uniform properness, an adaptation of a condition that was used in the work of
Chichilnisky and Kalman (1980). The properness condition was studied also in Yannelis and Zame
(1986), Zame (1987) and Richard (1989) among others.

Bonnisseau and Meddeb (1999) have extended the work of Bewley (1972) to allow the existence of
increasing returns to scale or more general types of non-convexities in production. They obtained an
existence result under assumptions which also extended to those considered in the finite dimensional
case. Later Bonnisseau (2002) proposed a new definition of the marginal pricing rule which allowed
him to encompass the cases of smooth and convex production sets for which his definition of the
marginal pricing rule coincides with the one given by the Clarke’s normal cone or the normal cone of



convex analysis. Bonnisseau also showed the link with the definition used in a finite dimensional
setting where the marginal pricing rule is also defined by means of the Clarke’s normal cone. Both
Bonnisseau and Meddeb (1999) as well as Bonnisseau (2002) used the Bewley approach. However,
and in contrast to Bewley’'s proof, an equilibria may not be found for every finite dimensional
economy. The problem is that even the original economy is supposed to satisfy both survival and local
non-satiation assumptions; this may not be true for the auxiliary economies. Thus, in Bonnisseau and
Meddeb (1999) the assumptions made on the original economy lead to an equilibrium at the limit of
some subnet whose elements may not be an equilibria of the restricted economies. In turn, Bonnisseau
(2002) showed that both assumptions hold true if the commodity space is large enough. Then, he
applied the limit argument to a net of equilibria vectors of the induced economies.

As for our existence result, we also consider the framework of Bewley (1972). However, there are four
major problems in using this technique in order to prove the existence of a general equilibrium when
we consider together externalities, non-convexities of production sets, and infinite dimensional
commodity spaces. The first problem is that the lower hemi-continuity of a correspondence may not
hold when we restrict the commodity space to a finite dimensional subspace. In our model, this means
that it is not possible to utilize the existing existence theorems of Bonnisseau (1997). We remark that
the lower hemi-continuity of the consumption and production set-valued mappings would be the
natural generalization, to the infinite dimensional space, of the assumptions made in Bonnisseau

(1997). The second problem is that, even if there is an equilibria in each €", the lower hemi-
continuity of the consumption set-valued mappings is not enough to guarantee that the limit point is an
equilibria for the original economy. The third problem is that the so-called survival assumption may
not hold when we restrict the commodity space to a finite dimensional subspace. Again, this means

that we cannot apply the finite dimensional results of Bonnisseau (1997) to €. The final difficulty
comes from the fact that, even if the original economy is supposed to satisfy the local non-satiation

assumption, this may not be true for the auxiliary economies €” . The consequences are the same as
those in the first and the third problem.

To avoid the first difficulty we need to posit additional assumptions on the restricted set-valued
mappings whereas to solve the second problem we must impose a strong lower hemi-continuity
assumption on the consumption correspondences. For the third problem, we work on the finite
dimensional economy with a weak version of the survival assumption of Bonnisseau (1997) by
considering only the elements of production equilibria, which are not too far from the attainable
allocations. Finally, we show that the local non-satiation assumption holds true, on the attainable
allocations, if the commodity space is large enough.

Other difficulties that appear are related with the behavior of producers, that is, the pricing rule
correspondences, and the continuity of the distribution wealth functions of the different agents. These
are the same difficulties that appear in Bonnisseau and Meddeb (1999) and we refer to their work.

The paper is organized as follows: In section 2, we introduce the model and the notations to deal with
externalities, non-convexities, and infinite dimensional spaces. In Section 3 we give the basic
assumptions and we discuss them. In section 4 we first define the finite dimensional auxiliary
economies and we posit an assumption on the pricing rules. Then, we discuss Bewley's limiting
technique in our model and we introduce new lower hemi-continuity assumptions upon the
consumption and production correspondences. In section 5 we state the existence result. Section 6 is
devoted to the proof of the existence result. The proofs of technical lemmas are given in Appendix A
whereas Appendix B deals with the special case of producers having convex production sets.



2. The model

We consider an economy with an infinite dimensional commodity space represented by the space of
essentially bounded, real-valued, measurable functions on a o—finite positive measure space (M, M, ).
For a survey on the properties of the space L = L..(M, M, n)’* and its use in general equilibrium theory,
we refer to Mas-Colell and Zame (1991).

There is a finite number i = 1, ..., m, of consumers, and a finite number j = 1,...,n, of producers. As
much as possible, we will use the notation, definitions and concepts of Bonnisseau (1997) and

Bonnisseau and Meddeb (1999): Let z :((x[ )”il ,(yj )n 1)EL’””’; for all i, =z, is the element of
i= j=

L defined by

n
z,= ((xl,xz, s X X ...,xm),(yj) )

J=1

and, for allj, z_; is the element of L defined by

Following Mas-Colell et al (1995) an externality is present whenever the well-being of an economic
agent is directly affected by the actions of the others agents. “Directly” means that we exclude any
effect that is mediated by prices. Formally, the consumption set of the i-th consumer is represented by

a set-valued mapping X, from L™ to L. . For the environment z . € L™, X.(z_,)c L. is the
ppmg A, + i i +

1

set of possible consumption plans of the i-th consumer. Analogously, the production set of the j—th

producer is defined by a set-valued mapping Y, from L to L. Y, (Z_ j) is the set of all feasible

production plans for the j—th firm when the actions of the other economic agents are given by z_,.

A price system is a continuous linear mapping on L, . If L, is endowed with the norm topology, the
set of prices is Li = ba, (M "M, ,u) , the space of bounded additive set functions on (M, M) absolutely
continuous with respect to p. Thus, the value of a commodity bundle x € L_is IM xdr (see Dunford
and Scwhartz (1958)). Note that the elements of ba (M M, /1) belonging to L, (M M, u) have,
additionally, an economic interpretation since the value of a commodity bundle x € L at a price
system p €L is IM p(m)x(m)d ,u(m) which is the natural generalization of the concept of inner

product in the finite dimensional case.

* Without any loss of generality we directly call to Lo(M, M, ) as the set of equivalence classes of all -
essentially bounded 9 —measurable functions on M. Let x be an element of Lo(M, M, p), then x > 0 if x(m) > 0 p-
a.c. (almost everywhere); x > 0 if x > 0 and x # 0, and x >> 0 if x(m) > 0 p-a.e. Hence, if x, x" € Lo(M, M, 1)

then x > x” (respectively x > x, x >> x”) if x- x" 2 0 (respectively x- x" > 0, x- x" >>0). L, = {x eL:x2 0} is

the positive cone of L



S = {TE eba, (M, M,n):n(x, )= 1} is the price simplex, where yy is the function equal to 1 for

every m in M.

The weak-star topology G(L,L] ) =0o" is the weakest topology for which the topological dual of L is
L,. We denote by Hy 6" the product topology on L. G(L,ba) and G(ba,L) =™ are the weak

and the weak-star topologies, respectively, on L and ba.Let A: L+ L be a set-valued mapping.
We say that A is ( p Gw,GW)—CIOSGd if it has a closed graph for the product of weak-star
topologies. We denote by T the norm topology on L. The set-valued mapping A is said to be
(HL c”,T )—lower hemi-continuous (for short Lh.c.) if for every net (z“) in L' which converges to

Z in HL 6" and a e A(z), there is a net (a“) such that a* € A(z“) for all o and a” converges

to a in T . For more information about topological vector spaces we refer to Schaefer (1971), and
Aliprantis and Border (1994).

The tastes of the consumers are described by a complete, reflexive, transitive, binary preference
relation ). . on the set X (Z_l.). We do not assume that a consumer has a preference between two

consumption plans if the environment is different.

m
i=

Let w, € L, be the initial endowment of the i-th agent and @ =2.", @, the total initial endowment of

~ l+n ~

the economy. The revenue of the i-th agent is defined by a wealth function from to

r (n(col.),<n( Y, ))n ) is the wealth of the i-th agent if the price vector is © € § and the production
il)ia

plans are ( Y, )_’;:1 S Hn Y (zf j). Note that the revenues of the agents depend on the value of the

j=1

initial endowments and the profit or losses of the producers.

The set of weakly efficient allocations is

Z= {Z el :Vix eX,/(z,),Vjy €d,Y, (Z_j)}
where Gij (Z7 j) is the boundary of ¥, (zf j) for the norm topology.

We now describe the behavior of the producers. The j-th firm follows the pricing rule ¢ ; defined by a
set-valued mapping from Zto S. If ze Z, ne Q; (Z) is the price that the j-th producer sets on the

market. Hence, the j-th firm is in equilibrium at the pair (Tc,z) eSxZ if neg, (Z) The use of

pricing rules to define the behavior of the producers is natural in non-convex economies as it is
explained in Cornet (1988).

When the j-th producer maximizes his profit given the price system 7, his pricing rule is given by



¢, (z)=PM,(z)= {neS:n(yj)Zn(y),Vy € Yj(Z,j)}

The set of weakly efficient attainable allocations corresponding to a given total initial endowment is

Aw)={zeZ 2" x, <Xy, +o}

i=1 7"

Finally, the set of production equilibria is
PE= {(Tc,z) eSxZ:m eﬂjzl(pj (z)}

We now define our notion of equilibrium

=1’

E=((X.2 ) (1 0) 0 (@) )it

Definition 2.1 (Z, ﬁ)=((()?,)m ()7j )n 1), ﬁ) €ZxS is an equilibrium of the economy
J=

a. Foralli, X, is ), . -maximal in {xl. € Xl.(Zl.) :ﬁ(xi) <r

b. Te ﬂjzl(pj (2)

c. 2N X, =z;:lyj+(’o
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Condition a. says that every consumer maximizes his preference under his budget constraint.
Condition b. says that every producer sets on the market the same equilibrium price vector T.
Condition c. says that all markets clear.

3. Basic Assumptions
Assumption (C): About consumers

For all ;

(i) X, isa (HL"WH c”,6” ) -closed set valued mapping with convex values and containing 0.

ii) Preferences are non-satiated, that is, for all z; € L™, and for all x; in X.(z ), there exists x in
1 1

1

X. (z_i) such that X, <., X They are also convex, that is, for all (xi,xl.' ) e X, (Z_i )2, and for all

1e(0,1),if x; <, x/ then x, <, #x,+(1-1)x.

(iii) The set I', = {(Z_i, X, xl.') e """ :(xi,xi') e X, (Z_l.)2 ,X; 0 xl.'} is closed in """ for the

i,z_;

product of weak-star topologies.



(iv) The function r; is continuous. It is also strictly increasing in the second variable. Furthermore,
il (“(03,-)’ (“(yj)),_l) =m(0) +2%, n(y.f)

Assumption (P): About producers

For allj

(1) Y isa (Hu"*"*l c”,0” ) -closed set valued-mapping.
(i) Y; isa (HL”’*’H c”, T ) -Lh.c. set valued-mapping.
(iii) There exist ¢, and t_jin R such that for all z € T, Ly € Yj (Z_j) and t_jXM & Yj (z_j)

iv) Y .(zfj) satisfies the free disposal condition, that is, Y .(zfj)—L+ :Yj(zfj) for all

J J

m+n—1
z € L .

Assumption (B)
For all > m, the set

A@)={zeZ: 2" x, <X y,+'} is norm bounded.

We remark that in an economy without externalities, that is if X, and Y, are set-valued mappings with

constant values for all 7, j, and if ), is a constant preference relation for each i, the above assumptions
are the same as those in Bonnisseau and Meddeb (1999)*. We also remark that if the commodity space
is 7', then Assumptions (C), (P) and (B) coincide with the ones in Bonnisseau (1997)°.

C(i) is the natural extension of the assumptions concerning consumers to consider externalities. It
implies that, for all z_, € L"*""', the consumption set is non-empty and bounded below by 0. In C(ii)
we remark that the convexity of the preferences implies that they are locally non satiated (LNS) if they
are non-satiated, that is, for all z € """ forallx;in X ; (zﬁl.), and for all € > 0, there exists x in

X <(Z_l.)ﬂB (xi,s)é such that x; <, x. Assumption C(iii) deals with the continuity of the

l
preference relations with respect to the environment and to the consumption bundles. In C(iv) the
assumptions made on the wealth functions are similar to the ones used in Bonisseau and Meddeb
(1999).

4 Except for P(ii) which is not required.
5 Except for the Assumption C(ii) in the paper of Bonnisseau that will be discussed later. We also remark that the

assumptions X (Z—i) c” l+ and 0 € X, (Z—i) are not in Bonnisseau (1997).

¢ B (x, 8) is the open ball of center x and radius €.



There is no convexity assumption on the firms, neither on the individual production sets nor on the
global one. P(i) is the extension of the assumption that every production set is closed by considering
externalities. P(ii) generalizes the lower hemi-continuity assumption of Bonnisseau (1997) to infinite
dimensional spaces. P(iii) is not assumed in Bonnisseau and Meddeb (1999) but in Bonnisseau (1997).
We will need it when considering the finite dimensional economy. P(iv) is the well-known free
disposal condition which merely says that if ) is producible, then it is always possible to produce
y'so that y" produces at most the same amount of outputs using at least the same amount of inputs.
On the other hand, we remark that under assumption (P), for every j, the set of weakly efficient

production plans of the j-th producer is exactly Gij (Z_j ) .

Assumption (B) supposes a given boundary for all ®> ® and not just for . This assumption is clearly
stronger than simply assuming that the set of attainable allocations is bounded since it means that the
attainable allocations are bounded even if one increases the initial endowments. We need to consider
this assumption since in Bonnisseau and Cornet (1988) there is an example of an economy without
equilibrium since Assumption B is not satisfied (see remark 5.1 in their paper).

Assumption (BL) (bounded loss)

For all j, there exists a real number ¢ such that: ze€ Z and 7, € ¢, (Z) imply that 7, (yj) 2a,

Assumption (WSA) (Weak survival assumption)

Forall (7,z,A)e PEx™ ,if ze A(w+Xy,, ) then n(Z;’.ZI ¥ +®+XXM)> 0

Assumption (R)

n

Forall (7,z) € PE,if ze A(®) then rl.(n(col.), (n(yj)) ) >0.

J=1

Assumption (BL) means that the loss of the j-th firm is bounded below when its pricing rule is ¢ ;. As
for Assumption WSA, note that if z€ A(w+Ay,, ) then Xy, +®+Ay, = 0. Consequently,

TE(Z’;:I Yy, to+ A ) > Ofor every 7 € L: . Therefore, we just require that the inequality is strict,
that is, when the same price is offered by the producers, according to their pricing rules, the global
wealth of the economy is strictly greater than the minimum possible. We recall that it is satisfied when
the production sets are convex and the initial endowments are in the interior of L, . We also note that
(WSA) is weaker than the survival assumption used in Bonnisseau and Cornet (1988) (see Kamiya

(1988)). Finally, Assumption (R) can be interpreted as the fact that each consumer has a positive
income if the total wealth of the economy is positive.

4. Sub-economies, Bewley's limiting approach and additional assumptions.
In this section we analyze the finite dimensional economies or sub-economies in order to apply the

method of finite approximations in section 6. In sub-section 4.1 below we first define these sub-
economies and then we posit an assumption on the pricing rule correspondences. In sub-section 4.2,



we point out the difficulties that arise when we apply Bewley’s technique to our model. Then we
introduce new lower hemi-continuity assumptions to overcome two of these difficulties.

4.1 Sub-economies and a continuity assumption on the pricing rule correspondences

Let F be a finite dimensional subspace of L such that @, € /" foralliand y,, € /. Let ¥ denote the
family of all such F. The family ¥ is directed by the set inclusion. Forevery Fe¥, F. =FNL, is
the positive cone of F and intFr = FintL is the interior of ', which is non-empty since y,, belongs
to the norm interior of L,. Each F e is equivalent to a finite dimensional Euclidean space

(Dunford & Schwartz (1958), p. 245). Since F is a proper convex cone, these two facts allow us to
choose an Euclidean structure on F such that ||y, || = 1 and the orthogonal space to y,,, Xjf,

satisfies {X;F} NF = {O} . We remark that y,, plays the role of e in the work of Bonnisseau (1997).
Finally, F" is the dual space of F € ¥

For every I € F, let us consider the sub-economy

(S WU
Where, for all i and j, X I.F and YjF are the restricted set valued-mappings:
X P 2
YjF L fmenel | oF
defined by
X/ (f)=x, (f)nF.

Y” (ZF ):Y (zfj)ﬁF

J —J J

Let S” :{pF eF :p" (XM)=1} be the price simplex of €. #'is the revenue of the i-th

consumer induced by 7; on the restricted economy. The relation 0 _FF is the preordering induced on
X/ (5 )by o, ..
We remark that for all /' € ¥ and all 7, assumption C(i) together with the fact that F is a subspace of L

imply that X ,.F (Zi) is non-empty. In the same way, for all F' € ¥ and all j, P(iii) together with the

fact that /' is a subspace of L imply that YjF (ij) is non-empty .



Note that for allF eFand all ijeF'””_ch"”"_l, 6(Y.(zfj)ﬁF) Caij(zf

Fj)'

J
Consequently, if we define the set of weakly efficient allocations of the sub-economy by

F F m+n . _F F F . F F F
Z ={z eF"":Vix eX, (z_l.),‘v’]yj €0Y, (z_j)}
then Z" < Z . Hence, for allj and all z" € Z” we can define
F(F\_{ F _ QF. - F F_
?; (z )—{p es .thereex1stsnecpj(z ) and p =T }
Note that if @; (ZF) is non-empty, then so is (pJF. (ZF ) .
The set of production equilibria in €" is
F_ F F F F ., _F n F F
PE" = {(p ,2)eS ' xZ :p eﬂj:l(pj (Z )}
Finally, the set of weakly efficient attainable allocations in € is
A" (o) ={ZF SVARDIIEHES NI +co'} < A(w)
We can now posit the following assumption on the behavior of the producers.
Assumption (PR)
For allj
(i) The correspondence ¢ : Z 2% is non-empty and convex valued.

(ii) For every F' in , the correspondence (pJF. has a closed graph.

(iii) Let (ZF(t), TtF(”) Tbe a subnet of a net (ZF, TEF) e Z xS, such that

te Fer

(ZF(t), " ) - (E, ﬁ) for the product of weak-star topologies
e Q; (ZF(’)) forallteT

" (yjp(t) )teT converges
We have:
(@ limn" " (y1)> 7(37,).

Furthermore, if lim ' ® (ijm ) =T ()7j ) , then

10



(b) ¥, € 0,Y,(2,) and Te g, (2)

We remark that if there is no externality, this assumption coincides with the Assumption PR of
Bonnisseau and Meddeb (1999). We also note that if the commodity space is ~ ', then our assumption
is the same as the Assumption PR of Bonnisseau (1997). Finally, if Y] is convex-valued and satisfies

Assumption (P), then ¢ . = PM ; satisfies Assumption (PR) (see appendix B).
(P] J

4.2 Bewley's limiting technique and additional lower hemi-continuity assumptions

As for the technique of proof, we follow (as we have already said before) the Bewley (1972) approach.
The proof is similar since we consider a net of equilibria of sub-economies with increasing finite
dimensional commodity spaces. Unfortunately there are four major problems in using Bewley's

technique for such sub-economies. First, if we simply assume that the correspondences X, and Y, are

1

Lh.c. for all 7 and j (which would be the natural generalization of the lower hemi-continuity
assumptions of Bonnisseau (1997)), the restriction to a finite dimensional subspace may not always be
Lh.c. (see Sun (2006), example 1). As a result, the necessary conditions for the existence of an

equilibrium given in Bonnisseau (1997) are not necessarily fulfilled by the sub-economies E" .

The second problem is that, even if there is an equilibrium in each €” , it is impossible to prove that a

limit point ((()_C, )ml , ()7] )n 1), ﬁ) is an equilibrium in the original infinite dimensional economy.
= J=

The crucial point is that the lower hemi-continuity of X; is not enough to prove that, for all i, if

X, 2. 5 X then ﬁ(x.) 2 (T_E((Oi), (ﬁ()_/j))j_]) (see steps 4 and 5 together with the remark 6.1

below) .

Kajii (1988) and Sun (2006) have investigated the lower hemi-continuity problems and proposed
alternative solutions to avoid these difficulties. Although they dealt with correspondences for
preference relations, the mathematical aspects of the problems are identical to ours. With regard to the

first problem, the solution of Kajii implies assuming that the restriction of a set-valued mapping to a
finite dimensional subspace is Lh.c. In turn, relative to the second problem, the solution of Sun implies

making use of a strong lower hemi-continuity assumption that he called (HL”’“H o, f ) -Lh.c. with

the notations of this paper. We show that we can avoid both problems by adapting their assumptions
Assumption (C)

For all ;

(v) There is a finite dimensional subspace}_? € ¥, such that for any finite dimensional
subspace [ € F such that /' < F', the set-valued mapping X Z.F is Lh.c.on F"™" .

11



1

(vi) The set-valued mapping X is (HL‘ o, f ) -Lh.c.on L™ thatis, if z% ——>z, in L""
for the product of weak-star topologies and x € X, (z_i ) , there exists a finite dimensional subspace
F' such that there is a net (x“) c x+F with x* € X, (zi) forall o and x* ——x.

Assumption (P)

For allj

(v) There is a finite dimensional subspace FeF, such that for any finite dimensional

subspace I € F such that FcF , the set-valued mapping YjF is Lh.c.on F"" ",

Assumptions C(v) and P(v) follow the solution proposed by Kajii (1988). They avoid the first
difficulty. For its part, C(vi) is a direct adaptation of the solution developed by Sun (2006) to solve the

second problem. We remark that F may depend on x € X, (Z_i) and the net (Zfi). We also note

that the net (x“) converges to x for the norm topology, since it belongs to an affine finite
1

dimensional subspace. Therefore, if X, is a (HWH o, f ) -L.h.c. set-valued mapping, then X,

must be a (HWH o”,T )—l.h.c. set-valued mapping.

The two remaining problems are related with the fact that even the original economy is supposed to
satisfy both the weak survival and the local non-satiation assumptions; this may not be true for the sub-

economies. It implies that theorem 2.1 of Bonnisseau (1997) cannot be applied to E”. We take care
of this in section 6 below.

5. The existence result

The assumptions discussed in the preceding sections are precisely those we need to obtain our main
result

Theorem 5.1. Under Assumptions (C), (P), (B), (BL), (WSA), (R) and (PR), the economy
E:((X[,Z[, 2, rf)i:1 , (Yj, ?; )_;:1’ (0),.);:) has an equilibrium.

The above theorem generalizes previous results on the existence of equilibrium with bounded loss
pricing rules. Indeed, it extends Theorem 3.1 in the work of Bonnisseau and Meddeb (1999) since it
allows the possibility of externalities. It also generalizes the result of Bonnisseau (1997) to an infinite
dimensional space.

6. Proof of theorem 5.1

6.1 Existence of equilibria in the sub-economies

In this sub-section we apply the existence theorem of Bonnisseau (1997) to a net of finite dimensional
sub-economies. We remark that the sub-economy € satisfies Assumptions (P), (B), (BL), (PR), (R)
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and (C) (except LNS) of theorem 2.1. of Bonnisseau (1997). The lemma 6.1 below shows that, if F is
large enough, then each sub-economy also satisfies a weak version of the survival assumption together
with the local non-satiation of the preferences on the attainable allocations. Before stating the lemma,

we need to introduce two parameters. Let y be a positive real number which satisfies y > _2;21 a;,
where o is the real number given by Assumption (BL) for each . Let A be a real number such that
A7,

Lemma 6.1. Under Assumptions (C), (P), (B), (BL), (WSA), (R) and (PR), there exists a subspace
F e F such that forall F e®,if FcF , then the sub-economy € satisfies:

(WSA):  For all  (p", 2" A7) e PEMx[0X], it <z ed"(0+ly,)  then

p (Z'}zl v, +co-|—7»FXM)>0

(LNS"):  For all ((
()7, < T (X (1)

The proof of this lemma is given in the Appendix A. We remark that Assumption (WSA”) is weaker
than Assumption SA in Bonnisseau’s paper. The same applies between (LNS) and the local non-

xiF)}'n1 (yf)n 1)6 A" (03), and for all €>0, there exists
= J=
NB €

b
(xl.F, )),suchthat x" <FF x!" for all 7.

—i

satiation assumption of Bonnisseau (1997). Finally, it is also important to note that if A" € [0,7_»} for
all FeFsuch that F < F, then z" € A" ((D'l-}\.FXM)C A(CO-I-XXM). This means that the net

(ZF )F e rop belongs to a bounded hence relatively weakly compact set.

We end this sub-section by stating the following result

Lemma 6.2. Let F and ]*;' be the subspaces from Assumptions C(v) and P(v) respectively and let
F be the subspace coming from lemma 6.1. Under Assumptions (C), (P), (B), (BL), (WSA), (R) and
(PR), if FcF,FcFand FcF , then the sub-economy &' has an equilibrium

(ZF, pF)eZFxSF.
The proof of this lemma is also given in the Appendix A.

6.2 From the finite to the infinite dimensional commodity space

We consider the net (((xf )”il , ( yf) 1)’ pF) of equilibria of the auxiliary economies (EF)

n
Jj= Feg Fer

given by lemma 6.2. From the definition of (pf (ZF), there exist price vectors

(nF)n € jzl(P_/(ZF)CSn such that p” =n’

i) JiF for all ;. Hence we obtain the net
i )=

13



m n n
x') L (V) L (wf . In the following six steps we prove that a limit point exists and it is
o i=1 7 ) j=1 J ) j=1 Fer

a bounded loss equilibrium of the economy & .

b
I )ia J

Step 1. There exists a subnet (x.F (’))m s (y‘.w(t))n (nF.“))"_ which converges to
! i=1 Jj=1 tE(T, Z)

1

(()?. ):nl , ()7] )jzl ,(ﬁj )’;zl) for the product of weak-star topologies. Furthermore, for all j and i,

(th(’) (yf(t)))t (r.3) and (ch(t) (x[F(’) ))t cr.2) are converging.

Proof

Note that lemma 6.2. implies that ((xiF )ml , ( yf )n 1) belongs to 4 (a)) . Hence, from
= J=FerF
Assumption (B) it is norm bounded and from Banach-Alaoglu theorem (Ash (1972), p. 162), it remains

in a weak-star compact subset of L"™". The net (ch )F belongs to S which is 6™ -compact. Hence,
€eF

i J J j=1

there exists a subnet ((xF (t) )m ) (y{r(t) )n ,(nF.m )n ) converging to
=1 =l te(T,2)
(()?l )ml , ()7], )n 1 ,(R/. )n 1) for the product of weak-star topologies. This also implies that the subnets
i i)\ )

of real numbers (pF(’) (yf(’))) :(nm) (yf(”)) and (pF(’) (yf(’))) = (TcF(’) (x.””))are bounded so

J J !

that they can be supposed to converge.

Step2. T, =m,=..=1, >0.

n

Proof

See Bonnisseau (2002). Hereafter, we shall omit the subscript j for the sake of simpler notation, i.e., T
=T, forallj.

Step 3. ((fi):”:l’ ()—;j)" )e ZIXI‘(E_I‘)XH;YJ.(E_J‘) and X"\ X, =2" ¥, + o

J=1

Proof

1 j:1

From step 1, ((xf(’) ): , (yAf(t) )n ) € ZFM C Zl X, (Z_Fi(t))xszle (ijm). From Assumptions

C(i) and P(i), X, and Y are, for all i and j, (H Gm,G”)—closed. Since (ZF(Z)) converges

te(T,Z)

m+n—1
L

to z for the product of weak-star topologies, it follows that
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E:((f‘)"n ()71)" ) X( )X ' Y( _j ) Since " X-F(I)ZZ;:I ij(z)_'_m for all

i)i=1" 7/ j=1 j=1"1J i=1 7"

teT,one obtains X" X, Z'}:])_/,-"‘(D

Step4.1f x, ¥, , X then T(x,)>7; ( (o), lim(nf(’)(yf(t)))’f )

J=1

Proof

X
7N
al
—~
e
=
8
—_
~ 3
—
<
~Ty
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s
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m
\%
S
72}

c
()
=n

Suppose that T_t(xl.) <r

that

m(x)+e <r(n( ), tim( () j (1)

From assumption C(ii), there exists x; € X, ( )mB (x g/ 2) such that x/ - _ x;. Hence, since

preferences are transitive, x/ > _ X,. Since the subnet ( F(’)) r.2) converges weakly to z_, and
i t e , =

1

X, is (I_LW,,,l o, f ) -Lh.c. on ™" (Assumption C(vi)), there exists a finite dimensional subspace

t e (T, 2)
and x,"" e X, ( ()) forall . There exists #, € T’ such that ¢ > ¢, implies x/ + F C F (t) Hence,

F such that there is a subnet (xl.'F(t)) . which converges to x;, with (xl.’F(t)) cx+F
te(T, =

1

X" e X( ())mF( ) forall ¢ >1,.

As (E_i,xl.' ,)?l) ¢I', and the subnet (xiF(t)) ( )converges to x; for the weak-star topology, there
e (T, >

exists £ € I'such that for all 7>¢ , (Zf(’),x.'F(’)

1

; ,xiF([)) g '., from Assumption C(iii). Since the
subnet ( 'F(t)) converges to x, for the norm topology, there exists ¢, €T such that for all ¢>1,,
xl.’F e B(xl.',a/ 2). Hence, by the completeness of preferences, we deduce that for all

t>max {t,,1,1,}

xe Xl.( F(t))ﬂF(t) 0 e X (Zi-(t))ﬂF(l)ﬂB(x;,S/Z) and x/"" >ii(é(),) xF®

Since the allocation ((xf('))fnl ,( yf(’) )n o pF(”) is an equilibrium of €, it follows that for all
i= Jj=

t>max {t,,1,1,}

15



~,\

pF(t)( !F(t)) pF(t)( F(t))

F(t)

(pF(t) (o), (pF(t) (y‘f(t) )).’::1 )

F(1)
JIF@

F(t) (1F (1) F@) (W F()) _ F(t) Foy (L F@) )
0 (370)> w0 (50 = () (7 (1))

€ .
We recall that x/") < x/+=y,,. Then, since 7"
2 J

7O L&y nF(’)( ,Fm) r TE,F“)(O),-)( F(t)(yj()))A
2 Jj=1
Passing to the limit, we obtain

m(x )+2> limn f”)):rf(ﬁ( ) hm( Fm(y"()))j-lj

. , € —
Since x,'<x, +—7,, and 7 >0, we have
2

ﬁ(xl.)+82rl( (o )lnn( F(’)(y/()))n

J=1

As p''=m for all j, we have that

is a positive linear functional

j , which is in contradiction with (1).

Step 5. For all j, ﬁ()_/j) =lim ch([) (yj(t))
Proof
Assumption PR(iii) (a) and step 2 imply that lim 7} ( v <’)) >7,(7,)=%(7,) forallj. From C(iv),

for all 7, one has 7, (n( ) hm( P (yj (x )))" )z r (T_E(O)i),(ﬁ(_j ))n e which, together with step
Jj=1 j=

4, implies that

(5)2 (7o), (w0 (570)] J2n((0). (7(5,) | o

Then, from Assumption C(iv), it follows that 2" T(X,)> X" ﬁ()_/ j)+ﬁ(co). But from step 3 we
deduce that 2| T ()Tl ) =27 ()7] ) +7 (0)) , a contradiction.
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From (2), it follows that r,.(ﬁ(coi), lim(n‘;(t)(yf(t)))" 1):ri(ﬁ(co,.), (Tr(yj )) 1) for all i. From
J= J=

Assumption C(iv) , 7 is strictly increasing in the second variable. Consequently,

lim TcF(” (yf(t)) = ﬁ()_/j) for all ;.

From steps 2 and 5 together with Assumption PR (iii) (b), one obtains (()?l )ml , ()71 )n 1) =zeZ
i= S j=

and ﬁeﬂjzl(pj (E) From step 3 27, X, 2;21 y; +®. Hence, (E,E)EPE and EEA((D) It

remains to show that condition a. of definition 2.1. is satisfied.
Step 6. Forall i, X, is ). -maximalin {x, € Xl.( ) ﬁ( )< ( ((Dl.), (ﬁ()_/j ))n 1)}
i i

Proof

We have to show that for every agent i, if x, > , X then ﬁ(xl.) > ﬁ()?l) From step 4, one has

ﬁ(xl.) = T_C()?l) . Suppose ﬁ(xl.) = T_C()_Cl ) . From steps 4, 5 and Assumption (R)

7(%)=r(R(0). (%(7))

1) >0. The end of the proof follows directly from Assumption C(i)
J=
(compare Bewley (1972)).

Remark 6.1. Note that if X, is simply Lh.c. then x/"" € X, ( F(t)) forall £ T, but x/"" may not
be in F(r). Therefore, in step 4, we could not obtain that x/" € X, (zi(’))ﬂF(t) and
pF(”( 'F(’)) > pF(”( F(')) for all 7> max{to,tl,tz}. Furthermore, there is also no such a finite
dimensional subspace F € F that x.'F(’) € X, (Z_F.(’))ﬂF(t) for all F(t) with F(t) > F. Then we
could not geta F' € ¥ such that pF(’)( 'Fm) > pF(’)( F(”) for all F( )D F.

Remark 6.2. As discussed in sub-section 4.2, Assumptions C(v) and P(v) are used only to get a net of
sub-economies each of which has an equilibrium. For its part, Assumption P(vi) is sufficient to assure

that the limit of equilibriums is an equilibrium of the whole economy. Therefore, these assumptions
are related with mathematical, rather than economic, considerations (See Kajii (1988) and Sun (2006)).

We may consider other sufficient conditions which imply the two needed assumptions and which are
easier to understand economically. For the consumption sets, the sufficient condition would be as

follows:

For all i,

C(v") Forall z_, € L""", the half line {ty,, :¢>0} is included in X, (z_,)
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C(vi’) Forall z_, L™ for all x X, (Z_ ) , for all >0, there exists an open neighborhood V" of

i

z_, for the product of weak-star topologies such that x; +7y,, € X, (Zil.) forall z'. eV .

It should be noted that C(v') implies that for z_ € L"™", for all x, € X l.(zﬁ.), for all >0,
X, +ty,, €X, (z_i) since X, (z_l.) is already assumed to be convex and closed. We also note that
these assumptions imply that if a net (ZZ.) converges to z_; and x, € X, (zfi ) , then there exists a net

(t“) € [0, +oo) which converges to 0 and such that x, +¢"y,, € X, (ZZ.) for all .. This condition
clearly implies the two Lh.c. Assumptions C(v) and C(vi).

For the production set, due to the free-disposal assumption, we have that for z ; € L™, for all

N eYj<zfj.), forall >0, y, -1y, eYj(ij). So, it suffices to state:
For all j,

P(v’) Forall z_; € L for all y , €07, (Z_ j), for all >0, there exists an open neighborhood

V of z_; for the product of weak-star topologies such that y, —1y,, €Y, (z' ) forall 2/, eV .

-J

As in the case of consumption sets, this assumption implies that if a net (Zi’L J.) converges to z_; and
v, €Y, (z_i), then there exists a net (t“)e [O, +oo) which converges to 0 and such that

Y —t%y,, € Y, (ij) for all . This condition is clearly stronger than the two Lh.c. Assumptions
P(ii) and P(v).

As for the production sets, the above condition is economically interpretable as follows: Since
Y, — Y, belongs to the interior of ¥, (zf ; ) , it is strictly technologically feasible since we can produce

strictly more of all outputs with strictly less of all inputs. So, P(v") means that a perturbation of the
externalities in a well chosen small enough neighborhood V", will not produce a so large effect on the

production possibilities such that y, —fy,, would no more be feasible. In some sense, this condition

may be understood as the fact that the effect of a small change of the externalities is not too important
and can always be counterbalanced by a small move along the half line generated by y,,. Note that

this is stronger than simply assuming that the production sets do not vary too much with respect to
small changes in the environment. An analogous interpretation applies for the consumption sets.

Remark 6.3. It is well known that an equilibrium price system in ba(M "M, ,u) seems like an

artificial solution. Hence, Bewley (1972) and others gave sufficient conditions under which
equilibrium prices could be chosen from L, . To obtain a meaningful equilibrium price in our paper, it
suffices to adapt the assumptions of Bonnisseau and Meddeb (1999) on the first firm of the economy as
follows

(T) ¥, is a set-valued mapping with convex values, satisfies Assumption (P) and ¢, = PM,.

18



(PL1) Forevery y €Y, (zﬁ1 ) , for every ¢ > 0, for every sequence (Ak ) of M such that ﬂ;l A4 =9,
there exists k, such that forall k >k, y—ty, +x, €, (Z_l) .

Under these assumptions, if ((()?l )nil R ()7J )n 1), ﬁ) is an equilibrium of the economy &, then T is

J=
an element of L, (M M, ,u) . The demonstration is a direct transcription of Bonnisseau and Meddeb’s
(1999) proof.

Appendix A

Proof of Lemma 6.1
The proof is inspired from the one of Bonnisseau (2002). Nevertheless it must be adapted to consider

externalities and set-valued mappings.

(WSA®)

We first prove that there exists F eF such that for all F containing F , the economy E” satisfies
Assumption (WSA®). Suppose, on the contrary, that for all F € ¥, there exists F' € F such that

F'SF, (pF',ZF',kF') e PE" X[O,X], A= A(oa—i—?»F'xM) and pF'(Z’J’.:, yi +(0+7»F'XM)= 0.
By the definition of (pf', there exists (TC]F) € HZZI 0, (ZF') such that nf‘F =p" " for all j. Since
e A((D+ XF,XM) c A(co+ XXM) for all F'eF, Assumption (B) implies that

((ZF'),(TEF.')n (nF' ( y‘f'))n A )F’ . remains in a compact set for the product of the weak-star

J ) =P\ =1
topologies and the topology of . Hence, there exists a  subnet
' ' n ' ’ n ’
((ZF (t)),(TCF “)) ,(nf ) (y}.p(’))) A" (t)) which converges to
J i1 J J .
7 J=1 te(T,>)

((E) ,(T_Ej )::1 , lim(nf,(’) (yf'“) )); ,k) :

Since z" € A((;)+ XF'XM) forall F'e ¥, it follows that X" y7 ' + 0+ Ay =Y x>0,

and since L+ is weak-star closed, 2" ¥, +o+Ay,, > 2 X, >0. From Assumptions C(i) and P(i),

X, and Y, are, for all i and j, (HL”””’I c”,0” ) -closed. Hence, Z € Hil X, (Zi ) X H::I Y, (Zj ) )

Using a similar argument than in step 2, one deduces that @, =7>0 for all ;. Hence,

ijlﬁ(yj)+ﬁ(w)+l20. SincepF'(Z;’.=1 yf'+0)+7\,F,XM)=TEE,(Zj=1 yf'+03+7»F’XM)=O for

J
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all F* € #and all j, we get Z lim TEF @ ( yf (’)) ((o) +A =0. Recalling that Assumption PR (iii)

(a) implies that lim TCF ® (yfm ) >T ()7] ) , we deduce

OSZ;ZITC( )+n(w)+x<z hmnF”)<y]F(’)) T(®)+A =0, hence
Zf}zlﬁ()_/j)+ﬁ(a))+k=0 (3)
Thus, ', 7 (7, )= X7 limn (y7 ), which implies that 7(y, )= limn (/") for all ;.

From Assumption PR (iii) (b) it follows that Z € Z and T e ﬂni Q; E) for all j. From Assumption
(WSA) one deduces that 2 n( )+ T (o)) +A >0, which is in contradiction with (3)

(LNSH)

We end the proof of this lemma by showing that there exists F e & such that the sub-economy

E" satisfies Assumption (LNS”) for each F containing F. First, we prove that preferences are non-
satiated on the attainable allocations. Suppose, on the contrary, that for all F' € F, there exists F' € F,

such that F' D F, ((xl.F’):il , (yf)jzl) ed” (0)) and for some i, it does not exist C € XF ( 71'0)

such that x < (‘;F SinceAF'(co)cA(co) for all F'e®, there exists a subnet

((xf’(r))f”l , (Yfm)fl) ( )converging weakly to ((fl )ni, , ()7] )j 1)' From Assumptions C(i)
= I= e (T, > = =

and PG@), X, and Y are, for all i and (I_LW,H Gw,cw)—closed. Hence,

J
Ze Hm i)><Hj=1Y.f (E_j)- From Assumption C(ii), there exists (C )E . 1X'( ") such

that C, > _ X, for all i. Since the subnet (Z_Fl.'(t)) *.2) converges weakly to z_, and X, is
22 t e , 2

(HL,M,] o, f ) -Lh.c. on L™ (Assumption C(vi)), there exists, for every i, a finite dimensional

subspace E such that there is a subnet (Qf’(’)) .2
t e , =

(QF(’) )t iy € C+F and (e X[(ziy(t)) forall /. There exists #, €T such that 7>,

1

which converges to (,, with

implies ¢, + £, < F'(t)forall i. Hence, &/ € X, (25} F'(¢) forall >, andall i

1

As (Zi, i,)?i) ¢, and the net (xlF V(t)) . converges to X; for the weak-star topology, there
tel(T, >

F'(t F'(t F'(t)
),Ci )’xi ( )

exists #, such that for all 7>17, (Zfi ¢I',, from Assumption C(iii). Hence, for all

t> max{to,t } and all i, £ and x/ belong to X;( F(’))ﬂF (¢) and by the completeness of

1

preferences, ¢ >Ff'()[) x/. Since {F'(t):teT}c{F':F' e} this contradicts the fact that

1
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there exists F' € ¥ such that F' > F, ((xF, )Zl , (y4F' )I:

. )e A" (co) and for some i,, it does not
J 1

. F’ F' F' F F’ F’
exist (. € X, (z_, Jsuchthat x, <, &, .
Io Iy Io Iy i,z Iy

Now, combining the above result with the fact that the convexity of preferences holds true in the sub-
economies we deduce that they are locally non-satiated (LNS”). This ends the proof.
[

Proof of lemma 6.2

Let I € be a finite dimensional subspace such that F' D F, F> f?’ and F > F. We start by
justifying our choice of the positive real number 7 as given before Lemma 6.1. To that end, we first

note that the proof of Theorem 2.1 of Bonnisseau (1997) starts with an arbitrary real number 7 > 0.
Then Bonnisseau considers a larger set of price vectors

Sy = {p e~! X py=landp, 2 _n}

Bonnisseau also fixes 7 >0 which satisfies

y>-2"q, +max{p.(2£l g, —co):pe Sn}

We now proceed to do the same for the sub-economy € | recalling that we have replaced the vector e
by %, - To that end, note first that in our case it suffices to fix 7 =0 (compare the proof of theorem

3.1 in Bonnisseau and Meddeb (1999); compare also Bonnisseau and Cornet (1990a)). Consequently
(and in contrast to Bonnisseau (1997)), we do not need to consider a set of price vectors larger than

S”. Note also that in our model € =0 for all i (compare Bonnisseau (1997)). Hence, we should
choose a parameter strictly greater than —2321 o +max{ pF (—0)) : pF es F}. Evidently, the real
number 7 satisfies the above condition.

We remark that survival assumption in Bonnisseau (1997) is used only to prove lemma 3.2 (b) (p. 224).
There, the production plans are close to the attainable allocation in the sense that

Z’;zl yf +o+A"y,, >0and A" € [O, ?] with the notations of this paper. Since 7 < A < o0, we have

that condition (WSAF) of lemma 6.1 is enough to conclude.

For the local non-satiation assumption, we remark that it is used in Bonnisseau (1997) only in claims 5
and 6. In both cases it is applied on the attainable allocations so that condition (LNS”) of lemma 6.1 is
enough to conclude.

Appendix B. A particular result
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We have shown that our model is sufficiently large to generalize previous works on the existence of
general equilibrium. We now prove that Assumption (PR) is satisfied when a firm has a convex
production technology.

Theorem B.1

If Y, is a set-valued mapping with convex values and satisfies Assumption (P), then ¢, =PM
satisfies Assumption (PR).

Proof.

m+n—1

First, one easily checks that PM ; is non-empty and convex valued ((PR) (1)) since for all zfj el
Yj (Z_j) is a convex subset of L and satisfies the free disposal property. We now prove that the

correspondence PM jF : Z" > 8" defined by
PMf(zF) ={pF € F" : there exists 7 € PM, (ZF) and p” = 7T‘F}

has a closed graph ((PR) (ii)). Indeed take two sequences (z") and ( p") of Z"and

S” respectively, such that z" =z, p" — p and, for each n, p" € PM ]F (z"). By the definition of
PM jF there exists 7" € PM ;(z"), such that p" = 7I‘”F for every n. Since 7" belongs to S, which is
o -compact, there exists a subsequence (ﬂ"k )ke. converging weakly to 7. Since 7™ € PM ,(z")
we have that 7" (y}*)=z" (y) for all yeY(z"). We now prove that 7(y,)=7(y) for all
yeY (Z_j) . Indeed, let y €Y, (E_j) . Since the subsequence (Zf’} )ke. converges to z_;, there exists
a subsequence of y, ( yr ), converging to y for the norm topology and y™ €Y, (z'_”}) for all k, from
Assumption P(ii). Sincez™ € PM ,(z"), one has 7" ( A ) > ' ( y ) for all £. At the limit, one
obtains 7?()7}. ) >7(y). Since this is true for any y € Y, (E_j) , it follows that 7 € PM ,(Z). Since
v, € Fwe have that p(y;,)=7(y,)27z(y) for all yeY(z ;). Thus, p(y;)=p(y) for all
y€Y(z ;,)NF and, consequently, p € PM jF (2).

Let us prove that the correspondence PM ; satisfies assumption PR(iii). Indeed, let us consider the

of the net (ZF, nF) € Z xS, such that

F(1) TcF(z) )
’ FeF

subnet (z

tel

(ZF(t) , ) - (Z, Fc) for the product of weak-star topologies
" e PM, (ZF(’)) forallteT

TEF(t) (yf(t)) converges
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First, let us prove part (a) of Assumption PR(iii). It suffices to show that
limn"" (yf(t)) > ﬁ(y) forally e Yj(f_j). If it is not true, there exists y' €Y, (E_j) such that
limn"" (yf(')) < ﬁ(y') . Hence, there exists € > 0 such that limz"" (yjp”))+8 <7(y"). From

1F(1) )

Assumption P(ii), there exists a subnet ( y which converges to )’ for the norm topology and

y'ey, (ZF;I)) for all reT. Since n'"e PM, (ZF(t)) for all teT, we have that

n" O (yf0)z a0 (") forall teT.

There exists ¢, € T such that for all ¢ >¢,, y'""' > y'—gy,, . Hence, " (yf(’)) >n"(y')—¢ for

all £ >1,. Passing to the limit, we obtain, lim n ( y_f(’)) > Tc( y')—a , which contradicts the above

converse inequality. Consequently, we deduce that lim "’ ( ij (’)) >7(y).

Finally, let us show that part (b) of Assumption PR(iii) is also satisfied. If we suppose that
limn"® (yf(t)) = ﬁ()_/j), then ﬁ()_/j ) > ﬁ(y) for all yeY, (E_j) which implies that
TePM ; (E) c S . Together with the fact that Y] (Z_j) 1S a convex subset of L and satisfies the free
disposal property, we have y, € aij (Z ; ) . |
References

Aliprantis, C. D., Border, K., 1994, Infinite Dimensional Analysis, Springer-Verlag, Berlin.

Ash, R., 1972. Real Analysis and Probability, San Diego, California, Academic Press, Inc.

Bewley, T., 1972. Existence of Equilibria in Economies with Infinitely Many Commodities. Journal of
Economic Theory 4, 514-540.

Bonnisseau, J. M., 1997. Existence of Equilibria in Economies with Externalities and Nonconvexities.
Set Valued Analysis 5, 209-226.

Bonnisseau, J. M., 2002, The Marginal Pricing Rule in Economies with Infinitely Many Commodities.
Positivity 6, 275-296.

Bonnisseau, J. M., Cornet, B., 1988. Existence of Equilibrium when Firms Follow Bounded Losses
Pricing Rules. Journal of Mathematical Economics 17, 119-147.

Bonnisseau, J. M., Cornet, B., 1990a. Existence of marginal cost pricing equilibria in an economy with
several non convex firms. Econometrica 58, 661-682.

Bonnisseau, J. M., Cornet, B., 1990b. Existence of Marginal Cost Pricing Equilibria: The Nonsmooth
Case. International Economic Review 31, 685-708.

Bonnisseau, J. M., Meddeb, M., 1999. Existence of Equilibria in Economies with Increasing Returns
and Infinitely Many Commodities. Journal of Mathematical Economics 31, 287-307.

23



Bonnisseau, J. M., Médecin, M., 2001. Existence of marginal pricing equilibria in economies with
externalities and non-convexities. Journal of Mathematical Economics 36, 271-294.

Chichilnisky, G., Kalman, P. J., 1980, Application of functional analysis to models of efficient
allocation of economic resources. Journal of Optimization Theory and Applications 30, 19-32.

Clarke., F., 1983. Optimization and Nonsmooth Analysis. Canadian Mathematical Society Series of
Monographs and Advanced Texts.

Cornet. B., 1988. General Equilibrium Theory and Increasing Returns: Presentation. Journal of
Mathematical Economics 17, 103-118.

Debreu, G., 1959. Theory of Value. Wiley, New York.
Dunford, N., Schwarz, J., 1958. Linear Operators, Part I. Wiley-Interscience, New York.

Kajii, A., 1988. Notes on Equilibria Without Ordered Preferences in Topological Vector Spaces.
Economic Letters 27, 1-4.

Kamiya, K., 1988. On The Survival Assumption in Marginal (Cost) Pricing. Journal of Mathematical
Economics 17, 261-273.

Mas-Colell, A., 1986. The price equilibrium existence problem in topological vector lattices.
Econometrica 54, 1039-1054.

Mas-Colell, A., Zame, W., 1991. Equilibrium Theory in Infinite Dimensional Spaces. In Hildenbrand,
W., and Sonnenschein H., (eds), Handbook of Mathematical Economics, vol. 1V, 1836-1898,
Amsterdam, North-Holland.

Mas-Colell, A., Whinston, M., Green, J., 1995. Microeconomic Theory. Oxford University Press.

Richard, S., 1989. A new approach to production equilibria in vector lattices. Journal of Mathematical
Economics Volume 18, Issue 1, 41-56

Schaefer, H., 1971. Topological Vector Spaces. New York and Berlin, Springer-Verlag.

Sun, N., 2006. Bewley's limiting approach to infinite dimensional economies with 1.s.c. preferences.
Economic Letters 92, 7-13.

Yannelis, N., Zame, W., 1986. Equilibria in Banach lattices without ordered preferences. Journal of
Mathematical Economics Volume 15, Issue 2, 85-110.

Zame, W., 1987. Competitive equilibria in production economies with an infinite-dimensional
commodity space. Econometrica 55, 1075-1108.

24



